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Exact triangles

Topology: cofiber sequences.

X Y Cf ΣXf i q

When Σ is an equivalence in HoM, these coincide with fiber
sequences and HoM is triangulated1.

1It is a structure, not a property.
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Exact triangles

The are often depicted as…

X Y

Cf

f

iq
+1

…hence the name.
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K-theory

M model category ; Σ∞M stable model category
K(M) ' K(Σ∞M)

...

K(M) {Pairs} X ⊂ Y

{Objects}
︷ ︸︸ ︷
X Y Y/X

{pt.}

··· ···

d2,d1,d0
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K-theory

For a triangulated category T one can attempt,

...

K(T ) {Maps} X f−→ Y

{Objects}
︷ ︸︸ ︷
X Y Cf

{pt.}

··· ···

d2,d1,d0

Several problems arise, [Neeman, 2005].
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K-theory

By [Schlichting, 2002],

M = f.g. Z/(4)-modules,
N = f.g. F2[ε]/(ε2)-modules.

In both cases, two morpisms f ,g : A→ B are homotopic if f − g
factors through a projective module. The quotient category is
called stable category.
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K-theory

HoM = HoN is the category of f.d. F2-vector spaces
with Σ = id and 3-periodic long exact sequences,
V0 V1

V2

;

K(M) 6' K(N ).
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Exotic examples

The category T of f.g. free Z/(4)-modules is triangulated with
Σ = id and exact triangles

Z/(4) Z/(4)

Z/(4)

2

22

Z/(4) Z/(4)

0

1

but T 6= Ho(M), see [Muro et al., 2007].
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Finite additive categories

An additive category T is finite if there is an additive generator
G such that

Λ = EndT (G),

is an Artin ring.

Alternatively, there is an Artin ring Λ such that T is equivalent
to the category proj(Λ) of f.g. projective Λ-modules.

By [Freyd, 1966], if T is triangulated then Λ is self-injective.
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Finite triangulated categories

Examples of finite triangulated categories:

• The stable category mod(A) of f.g. modules over a
self-injective Artin algebra of finite representation type.

• The stable category MCM(R) of maximal Cohen–Macaulay
modules over a commutative complete local ring of finite
Cohen–Macaulay representation type.

• The non-standard finite 1-Calabi–Yau categories of
[Amiot, 2007], based on [Białkowski et al., 2007].
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Finite triangulated categories

The simplest of Amiot’s examples is obtained for Λ the
quotient of the path algebra of the quiver

0

2 3

1

a0

a2ā0

ā1

ā2a1

over an algebraically closed field of characteristic 2 by the
two-sided ideal generated by

ā0a0, ā1a1, a2ā2, a0ā0 + a1ā1 + ā2a2 + a1ā1a0ā0,
a0ā0a1ā1 + a1ā1a0ā0.
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Algebraic models

An algebraic triangulated structure on T is a DG-category A
equipped with an equivalence

T ' Dc(A).

A Morita equivalence is a DG-functor A → B which induces an
equivalence Dc(A) → Dc(B).

We can even work over a commutative ground ring k.
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Main result

Theorem [Muro, 2020b]

Suppose k is a perfect field, Λ is a self-injective basic
f.d. algebra, and T ' proj(Λ):

1. T has an algebraic triangulated structure if and only if
Ω3Λenv(Λ) is stably isomorphic to an invertible Λ-bimodule.

2. The possible suspension functors Σ: T → T are
Σ ∼= −⊗Λ I with I−1 ∼= Ω3Λenv(Λ) in mod(Λenv).

3. If we fix Σ as above, any two algebraic triangulated
structures on T are Morita equivalent.
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Main result

Corollary

Amiot’s non-standard finite 1-Calabi–Yau triangulated
categories are algebraic.

Corollary

If Λ is separable, then the algebraic triangulated structures on
T are parametrized by Out(Λ).

Corollary

If Λ 6∼= Λ1 × Λ2 and Λ is not separable then T has at most one
algebraic triangulated structure up to Morita equivalence.
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Previously known

Theorem [Keller, 2018]

If T is an algebraic standard finite triangulated category over
an algebraically closed field k and Λ 6∼= Λ1 × Λ2 then the
algebraic triangulated structure is unique up to Morita
equivalence.
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Previously known

Theorem [Hanihara, 2018]

Under the hypotheses of our main theorem, T has a Puppe
triangulated structure if and only if Ω3Λenv(Λ) is stably
isomorphic to an invertible Λ-bimodule.

Corollary

T is Puppe triangulated iff it is algebraic triangulated.

Is a given Puppe triangulated structure algebraic?
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A shocking example

k = `(x1, x2, x3), ` a field of char ` = 0;
Λ = k× k, which is separable;
T = mod(k)×mod(k);

Out(Λ) = Sym2;
Σ = the twist.

Exact triangles are 6-periodic long exact sequences,

(V0, V3) (V1, V4)

(V2, V5)
+1

V0 V1

V5 V2

V4 V3

T has non-Morita equivalent algebraic triangulated structures
over ` by [Rizzardo and Van den Bergh, 2019].
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Some more questions

• What happens in the locally finite case?
• And in the locally noetherian case?
• What if k is not perfect?
• And if k is not even a field?
• What about the topological case?
• Is there any Puppe triangulated finite category where the
octahedral axiom fails?
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Ideas from the proof

Let Mor(T ,Σ) be the classifying space of Morita equivalences
between DG-categories A with Dc(A) ' T .

• Characterize when Mor(T ,Σ) is non-empty.
• Show that Mor(T ,Σ) is connected if non-empty.
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Ideas from the proof

The self-equivalence Σ of T = proj(Λ) is the restriction of
scalars along some σ ∈ Aut(Λ).

A Puppe triangulated structure on T determines extensions

X f−→ Y i−→ Cf
q−→ σ∗X σ∗f−→ σ∗Y;

M α
↪→ X f−→ Y i−→ Cf

β
� σ∗M, σ∗(α)β = q;

4M ∈ ExtΛ(σ
∗M,M), M ∈ mod(Λ).

The inverse procedure was first considered by [Heller, 1968].
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Ideas from the proof

A minimal A∞-structure (Λσ,m3,m4 . . . ) on the graded algebra

Λσ =
⊕
Z

Λ, xpyq = (σq(x)y)p+q;

{m3} ∈ HH3,−1(Λσ,Λσ), universal Massey product,

See [Kadeishvili, 1982, Baues and Dreckmann, 1989,
Benson et al., 2004] and many more.

21



Ideas from the proof

The degree 0 inclusion i : Λ ⊂ Λσ induces

i∗ : HH3,−1(Λσ,Λσ) −→ HH3,−1(Λ,Λσ) ∼= Ext3Λenv(σ∗Λ,Λ).

If i∗{m3} ∈ ĤH
?,∗

(Λ,Λσ) is a unit2 then the extensions

Ext3Λenv(σ∗Λ,Λ) −→ Ext3Λ(σ
∗M,M), M ∈ mod(Λ),

Λ ↪→ P2 → P1 → P0 � σ∗Λ 7→ M⊗Λ (Λ ↪→ P2 → P1 → P0 � σ∗Λ),

yield a triangulated structure on T , and conversely.

2Such {m3} is called an edge unit.
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Ideas from the proof

We can always take P0,P1 projective Λ-bimodules.

Λ ↪→ P2 → P1 → P0 � σ∗Λ 7→ M⊗Λ (Λ ↪→ P2 → P1 → P0 � σ∗Λ).

If {m3} is an edge unit then M⊗Λ P2 is a projective Λ-module
for all M. By [Auslander and Reiten, 1991], P2 is also projective
since k is perfect, so Ω−3

Λenv(Λ) ∼= σ∗Λ in the stable category.
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Ideas from the proof

Consider the space of minimal A∞-algebra structures,

X∞ = MapdgOp(A∞, E(Λσ)).

If Y∞ ⊂ X∞ is the full subspace spanned by the components
with underlying graded algebra Λσ and edge unit universal
Massey product,

π0Y∞/Aut(Λσ) ∼= π0Mor(T ,Σ),

(Λσ,m3,m4, . . . ) 7→ strict DG-model.
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Ideas from the proof

We identify
π0Y∞ ⊂ HH3,−1(Λσ,Λσ)

with the edge units {m3} such that

[{m3}, {m3}]
2

= 0.

Hence, if non-empty, the following quotient is a singleton

π0Y∞/Aut(Λσ).
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Ideas from the proof

X∞ = lim(· · · � Xn+1 � Xn � · · · ), Xn = MapdgOp(An+2, E(Λσ)).

The homotopy theory of X∞ is studied via an extended spectral
sequence [Muro, 2020a] in the style of [Bousfield, 1989],

Ep,q2 = HHp+2,q(Λσ), p > 0.

The spectral sequence needs a base point x ∈ X∞, but x ∈ Xn
allows to define up to page bn+32 c. Moreover, there are
obstructions to lifting x to Xn+1.
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Ideas from the proof

An edge unit {m3} ∈ HH3,−1(Λσ,Λσ) with [{m3},{m3}]
2 = 0 yields

x ∈ X3, and conversely. Once chosen,

d2 = [{m3},−], Ep,q3 = 0, p > 1,

so obstructions vanish. This computes π0Y∞.
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This is the end

That’s all, thanks! ,
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