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The Thom spectrum is a twisted version of the group ring. Let
G be a group, k a commutative ring, and suppose that there is
an extension τ

1→ k∗ → E → G→ 1.

One can associate to τ the twisted group ring

kτ [G] = Z[E]⊗Z[k∗] k

(k∗ acts on E by the group homomorphism above and on k by
multiplication). If the extension τ is trivial, that is,
E = k∗ ×G, then kτ [G] is the group ring k[G].

The R-module Thom spectrum generalizes this example to
commutative ring spectra R with the sphere spectrum S playing
the role of Z.



Units of ring spectra

Let R be a ring spectrum. The space of units, denoted GL1R,
satisfies the universal property that [X,GL1R] = R0(X)×. One
may define GL1(R) ⊂ Ω∞(R) as the homotopy pullback

GL1(R) //

��

Ω∞(R)

��

π0(R)× // π0(R)

It follows that

πn(GL1(R)) =

{
πn(R) if n > 0
π0(R)× if n = 0

In the case R = S, GL1S ⊂ Ω∞S = lim−→Map(Sn, Sn) is the
subset of maps of degree ±1. The space BGL1S is the
classifying space for (virtual) spherical fibrations (of dimension
0).



Units of E∞-ring spectra

If R is an E∞-ring spectrum, then so is GL1R, so that there is
a units spectrum gl1(R) with Ω∞gl1R ' GL1R.
For commutative rings k, one has an isomorphism
Hom(G, k×) = Ring(Z[G], k). The analogous result for E∞-ring
spectra is that there are adjoint functors

Ho(E∞-spaces)
Σ∞+

// Ho(E∞-ring spectra).
GL1

oo

Thus, we have a map Σ∞+ GL1R→ R of E∞-ring spectra. This
makes R a Σ∞+ GL1R-module.



Thom spectra for E∞-maps

Ando-Blumberg-Gepner-Hopkins-Rezk1 have defined R-module
Thom spectra as a functor

Top/BGL1R→ R-mod.

An E∞-map to BGL1R is equivalent to a spectrum over Σgl1R.
For a map f : X → Σgl1R, let p denote the homotopy fibre of
the map f so that we have the following cofibre sequence

gl1R→ p→ X → Σgl1R.

The Thom spectrum Th(f) of f is defined as the following
homotopy pushout in the category of E∞-ring spectra

Σ∞+ GL1R

��

// R

��

Σ∞+ Ω∞p // Th(f) =⇒ Th(f) ' Σ∞+ Ω∞p ∧LΣ∞+ GL1R
R.

1M. Ando, A. J. Blumberg, D. Gepner, M. J. Hopkins, C. Rezk,
Units of ring spectra, orientations and Thom spectra via rigid infinite loop
space theory, J. Topol. 7 (2014), 1077–1117.



Thom spectra for general maps

Let ζ : X → BGL1(R) be a map. Let P be defined as the
homotopy pullback

P //

��

EGL1(R)

��

X
ζ
// BGL1(R)

We realize that P may be given the structure of a right
GL1R-space. The Thom spectrum Th(ζ) (often also denoted by
Xζ) is defined as

Th(ζ) = Σ∞+ P ∧LΣ∞+ GL1(R) R.

In the case R = S, the map ζ classifies a spherical fibration over
X. In this case, the Thom spectrum Th(ζ) is equivalent to the
classical Thom spectrum associated to a spherical fibration.



Thom spectra as a twisted homology theory

If the map ζ : X → BGL1R is homotopic to ∗, Th(ζ) is
homotopic to R ∧X+. The identification of Th(ζ) with R ∧X+

depends on the choice of homotopy. Two different homotopies
compose to give a map ΣX → BGL1R which gives a unit is
R0(X) that relates the two identifications.
Write X = ∪αUα, an open cover with contractible open sets.
The map ζ gives a 1-cocycle on X with coefficients in the sheaf

V ⊂ X open 7→ R0(V )×.

That is, after passing to a refinement, ζ defines units over
Uα ∩ Uβ satisfying a cocycle condition on further intersections.
An element in the “twisted” R-theory is an element in each
R∗(Uα), two of which are identified using the units on the
intersections. The homotopy groups of the Thom spectrum are
the twisted R-homology groups.



Thom spectra over suspensions

Suppose that X = ΣY , so that X = C+Y ∪Y C−Y . We have a
homotopy pushout of Thom spectra

Y ζ //

��

C+Y
ζ

��

C−Y
ζ // (ΣY )ζ

We have the identifications

(CY )ζ ' R, Y ζ ' R ∧ Y+.

We fix the latter identification via C+Y . Then, the left vertical
map comes from u : Y → GL1R adjoint to ζ : X ' ΣY →
BGL1R. This induces a Mayer-Vietoris sequence

· · · → π∗(R ∧ Y+)
(q◦u,q)→ π∗(R)⊕ π∗(R)→ π∗((ΣY )ζ) · · ·

where q : Y+ → S0, and the unit u acts on R∗Y via

R0(Y )× ⊂ R0(Y ) = Hom(R0(Y ), R0) = Homπ∗R(R∗(Y ), π∗R).



Examples of Thom spectra

Suppose that X = S1 which is a suspension, and ζ ∈ π0R
×

represent the map ζ̂ : X → BGL1R. The homotopy pushout
description of the Thom spectrum implies that Th(ζ̂) '
cofibre(1− ζ).
Specializing to the case R = the p-adic K-theory spectrum K∧p ,
and ζ = 1− p ∈ π1(BGL1(K∧p ) = π0(GL1(K∧p ) = Z×p , we obtain

Xζ = K/p.
A similar argument for X = S3, and ζ = p ∈ π3(BGL1K

∧
p ) =

π2GL1K
∧
p = Zp, then the Thom spectrum of the map ζ is again

the spectrum of mod-p K-theory, K/p.



Quotients as Thom spectra

Let x be an element of π∗R. One defines the quotient R/x to be
the cofibre of the composite

Σ|x|R ' S|x| ∧R x∧1−→ R ∧R→ R.

For elements x1, · · · , xk in π∗R, one defines

R/(x1, · · · , xk) := R/x1 ∧R · · · ∧R R/xk.

We have the following computation of quotients as Thom
spectra
Theorem. (B., Sagave, Schlichtkrull)2 Suppose that xi ∈ π2iR.
There is a map ζ : SU(k + 1)→ BGL1R such that
Th(ζ) ' R/(x1, · · · , xk). If R is even periodic, the construction
may be carried out for any xi ∈ π∗R.

2S. Basu, S. Sagave, C. Schlichtkrull, Generalized Thom spectra
and their topological Hochschild homology, J. Inst. Math. Jussieu 19 (2020),
21–64.



Classical Thom spectrum functor

Let (f : X → BG) 7→Mf denote the Thom spectrum functor3

for spherical fibrations. This functor enjoys good multiplicative
properties.

1 Let f : X → BG, g : Y → BG. We denote by f × g the
composite

X × Y (f,g)→ BG×BG→ BG.

Then one has a natural equivalence M(f × g) 'Mf ∧Mg.

2 The linear isometries operad L acts on the space BG.
Suppose that O is an operad over L. The Thom spectrum
functor carries O-spaces over BG to O-algebras in spectra.

3L. G. Lewis, J. P. May, M. Steinberger, Equivariant stable
homotopy theory, Lecture Notes in Math 1213.



Functorial properties of R-module Thom spectra

In order to construct the Thom spectrum as a functor, one
needs to do the following :
1) Fix a model for GL1R, and a model for the fibration
GL1R→ EGL1R→ BGL1R.
2) For a map f : X → BG, the homotopy pullback P has a
right action of GL1R.
3) The Thom spectrum functor may now be defined using the
2-sided bar construction B(Σ∞+ P,Σ

∞
+ GL1R,R).

These steps have been carried out in the framework of infinity
categories, and also in the rigid framework of model categories.
There are two approaches in the model category framework, one
using L(1)-spaces, and one using I-spaces. For this lecture, we
outline the I-spaces framework in which the multiplicative
properties are also carried out.



I-spaces

Let I be the category whose objects are the finite sets
n = {1, · · · , n}, and morphisms are injective maps. The disjoint
union t makes I into a symmetric monoidal category.
The category of I-spaces is category of functors X : I → Top.
An I-equivalence is a map f : X → Y which induces a weak
equivalence XhI → YhI on homotopy colimits. The product on
I induces a symmetric monoidal convolution product on
I-spaces, namely

X � Y (n) = colim
n1tn2→n

X(n1)× Y (n2).

Theorem. (Sagave, Schlichtkrull) There is a symmetric
monoidal Quillen equivalence

colim : TopI // Top : constoo

and an induced Quillen equivalence

{commutative I-monoids} ' {E∞-spaces}.



Units of ring spectra via I-spaces

Let SpΣ denote the category of symmetric spectra. One has a
Quillen adjunction (the analogue of suspension spectrum and
the zeroth space adjunction)

SI : TopI // SpΣ : ΩIoo

SI(X)n = Sn ∧X(n), ΩI(E)(n) = ΩnEn.

If R is a commutative ring spectrum, one notes that ΩI(R) is a
strictly commutative I-space model of the E∞-space Ω∞R.
The units I-space GLI1 (R) is defined as

GLI1 (R)(n) := union of path components corresponding

to units under the map π0(ΩnRn)→ π0R.

It follows that GLI1 (R) is a commutative I-monoid, so that
GL1R := GLI1 (R)hI is an algebra over the Barratt-Eccles
operad.



Thom spectra using I-spaces

Using the definition of GLI1 (R), we define the I-spaces

BI(GLI1R) := B�(∗, GLI1R, ∗), EI(GLI1R) := B�(∗, GLI1R,GLI1R)

via the two-sided bar construction in I-spaces. It follows that
BI(GLI1R) is a commutative I-monoid. We then define

BGL1R := BI(GLI1R)hI , EGL1R := EI(GLI1R)hI .

Therefore, BGL1R is an E∞-space supporting an action of the
Barratt-Eccles operad. The Thom spectrum may now be
constructed as the composite4 (G = GLI1R)

Top/BG
' // TopI/BIG

U // TopIG/E
IG

B(−,SI(G),R)
// SpΣ

R

where U takes f : X → BIG to the pullback of X → BIG← EIG.

4S. Basu, S. Sagave, C. Schlichtkrull, ibid.



Multiplicative properties

We have proved5 that the Thom spectrum functors enjoy good
multiplicative properties.

1 The Thom spectrum functor T : Top/BGhI → SpΣ
R is lax

monoidal and

T (f)cof ∧R T (g)cof → T (f) ∧R T (g)→ T (f × g)

are stable equivalences.

2 If O is an operad augmented over the Barratt-Eccles
operad, then T carries O-algebras over BGhI to O-algebras
in SpΣ

R.

5S. Basu, S. Sagave, C. Schlichtkrull, ibid.



Examples of A∞ Thom spectra

From the multiplicative properties of the Thom spectrum, we
learn that the Thom spectrum of A∞-algebras over BGL1R,
that is, loop maps to BGL1R, are A∞-R-algebras.

1 In the example, X = S1, R = K∧p , ζ = 1− p, the
obstruction for ζ ' Ωf , is given by the obstruction to
extending maps in the diagram

S2 Σζ
//

��

B2GL1K
∧
p

CP∞
55

which are all zero because the cohomology of (CP∞, S2) is
concentrated in even degrees, and so are the homotopy
groups of B2GL1K

∧
p .

2 An analogous argument with X = SU(n), R even periodic
spectrum, constructs finite quotients as A∞-R-algebras.



Topological Hochschild homology

For an A∞-R-algebra A which is cofibrant, the topological
Hochschild homology is the realization of the cyclic bar
construction Bcy

R (A). This is a simplicial R-module

[k] 7→ A ∧R · · · ∧R A︸ ︷︷ ︸
k+1

with face maps induced by multiplication on A. This may be
defined over any symmetric monoidal category, and in the case
of topological spaces, for topological groups G one has

|Bcy(G)| ' LBG

the free loop space on BG. As Σ∞ is a symmetric monoidal
functor, we have

THH S(Σ∞+ ΩX) ' Σ∞+ LX.



Topological Hochschild homology of Thom spectra

Let f : Y → B2G (where G = GL1R) and ζ := Ωf , so that
Th(ζ) is an R-algebra. The multiplicative properties of T imply
that it commutes with the cyclic bar construction, that is,
Bcy(T (ζ)) ' T (Bcyζ), where Bcy(ζ) is the composite

BcyΩY → BcyBG→ BG.

We now identify the cyclic bar construction with the free loop
space, and use the equivalence LB2G ' B2G×BG. We then
have THHR(T (Ωf)) ' T (Lη(f)) where

Lηf : LY
L(f)→ LB2G ' B2G×BG (η,id)→ BG×BG→ BG.

This was proved by Blumberg-Cohen-Schlichtkrull6 for R = S,
and by B.-Sagave-Schlichtkrull for general R.

6A. J. Blumberg, R. L. Cohen, C. Schlichtkrull, Topological
Hochschild homology of Thom spectra and the free loop space, Geom. Topol.
14 (2010), 1165–1242.



THHK∧
p (K/p)

We have seen that

{X = S1, R = K∧p , ζ = 1− p} =⇒ T (ζ) ' K/p,

and via S1 ' CP∞, the obstructions to writing ζ as a loop map
vanish. Further, we have LCP∞ ' S1 × CP∞. We use the
identification of topological Hochschild homology to compute
Theorem. (B.)7 For odd primes p,

πm(THHK∧p (K/p)) =

{
(Z/(p∞))i m even

0 m odd

where i is an integer between 1 and p− 1 depending on the
choice of extension f .

7S. Basu, Topological Hochschild homology of K/p as a K∧p -module,
Homology, Homotopy Appl. 19 (2017), 253–280.



THH of regular quotients

For X = SU(n) = ΩBSU(n), R even periodic, {x1, · · · , xn−1} a
regular sequence in π∗R, there are f : BSU(n)→ B2G such
that T (Ωf) ' R/(x1, · · · , xn−1). We have the equivalence
LBSU(n) ∼= ESU(n)×SU(n) SU(n)c, where SU(n)c is the space
SU(n) carrying the conjugation action. We compute
Theorem. (B., Schlichtkrull) For each k ≥ 1, R a p-local
spectrum for p ≥ n(k + 1) + 1, there are ring structures on
R/(x1, · · · , xn−1) such that

π∗(THHR(R/(x1, · · · , xn−1)) = (π∗R/(x
∞
1 , · · · , x∞n−1))k.

There are many interesting examples of the above theorem.
For example, we may take R = En−1, the Morava E-theory
spectrum at the prime p, and xi = ui−1, so that
R/(x1, · · · , xn−1) = Kn−1, the 2-periodic Morava K-theory
spectrum.



Thank You!


